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Left- and right-handed helical modes' statistical absolute equilibria appear separately. If both 
chiral sectors present, one can dominate around its positive pole, which is relevant to the nearly 
maximally helical (force free for magnetic field) states of turbulence. Pure magnetodynamics 
(PMD, or electron magnetohydrodynamics — EMHD), pure hydrodynamics (PHD), and, single- 
fluid and two-fluid MHDs are studied. Relevant documented data and issues of cascade proper- 
ties, and, helical and nonhelical dynamos are revisited. We also discuss new scenarios, such 
as PMD inverse magnetic helicity and forward energy cascades, and, the continuous transition 
from completely-inverse to partly-inverse-and-partly-forward and to completely-forward energy 
transfers in PHD. 
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1. Helical turbulence and absolute equilibrium, and, helical decomposition 

Nearly maximally helical {force free for magnetic field) states are ubiquitous in hydrodynamic- 
type systems. Such states are dominantly left- or right-handed, showing strong chirality^ signa- 
tured and quantified by helicity and its relevant derivatives. Recognizing the importance of he- 
licity in hydrodynamic turbulence however is relatively new, though Helmholtz-Kelvin theorem 
is old jMoffatt 200&) . Indeed, statistical absolut e equilibriu m (AE) energy equipartition among 



each Fourier modes was explicitly formulated by [Led(ll952h for both pure hydrodynamics (PHD) 



and magnetohydrodynamics (MHD). L ee did not consider the invariance of helicit^H which can 
also be involved in the equipartitions (Kraichnan 1973 : Frisch et al. 1975b. Now, trem endous 
progresses with helical decomposition have been made (see, e.g.. lYang. Su & Wu and ref- 

erences therein): "Degenerate s tates", i.e., th e left-handed and right-handed helical modes for 
each wavenumber are exposed dMoses 1971 ; Waleffe,.1992.). The dynami cs of the two coupled 
chiral sectors can be effectively diagonaUzed ( Chen. Chen & Evink 2003h, and can even be nu- 
merically isolated to show novel features (IBiferale. Musacchio & Toschil 120121) . Further more, 
as we will see, the AE wavenumber spectra are cleanly split into two chiral sectors which con- 
tain poles of opposite sign^. One sector dominates around its positive pole (negative pole is 
not reachable as A: > 0), which appears to be the origin of the one-chiral-sector-dominated tur- 
bulence states (OCSDSs) that is mentioned in the beginning and to which we will come back 
soon. 



f This notion was called dissymmetry, which is still occasio nally used, befo re iKelvinI il904) and various 
attempts h ave been m ade to quantify it (see, e.g., the review bv lPetitieanll2003h. 

X Later. ISetchovl 0961) first reported, with minor mistakes (iFrisch et al.lll975h . invariant helicity's role 
in turbulence, contrasting a box of nails to screws for the lack of reflexion symmetry. 

1 Similar to the (bio)chemistry enantiomer excess and its amplification (see, e. e. . ICintas & Viedmal 
1201 2l and references therein): We wi ll try to avoid but not to completely exclude the chemical and/or 
biological terminologies. Interestinglv. lBetchovl (il961.) explicitly referred to the structure of dextrose. 
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KraichnanI (1 196711 197 3'. hereafter K67 and K73) established in a more explicit and complete 



way the AE for both two-dimensional (2D) and 3D incompressible PHD. Fourier modes beyond 
[kmin , kmax] being discarded (Galerkin truncation), certain rugged invariants, such as the energy 
{£k) and enstrophy (for 2D) or helicity {T-Lk, for 3D), are still conserved. With the constraints of 
these rugged invariants, Kraichnan obtained the respective energy spectral densities for 2D and 
3D: Uxik) = + Pk"^) and UK{k) = 2al{a^ - P^k^) respectively. Uxik) for 3D, for 
instance, can be derived immediately from the Gibbs distribution exp{— + where 
a is the temperature parameter associated with energy and /3 with helicity (enstrophy in 2D)|]| 
K67 showed that low enstrophy state in 2D corresponds to a negative /3, indicating condensation 
of energy at smallest k with a roughly (smoothed) l_ shape spectral density (c./, similar MHD 
figures in Frisch et al.^ Q975)). In 3D, there is no such negative temperature state (due to the 
realizability condition from the positive definiteness of the quadratic form) but only _l shape 
spectral density, and low helicity state corresponds to vanishing /3 and equipartition of energy. 
Inverse energy cascade was then argued for 2D but disputed for 3D. 

K73 already exploited pure helical Fourier modes which come from helical decomposition: 
For a 3D transverse field (velocity u, vorticity u; = V x m and the transverse component of 
vector potential A of magnetic field B etc.) in a cyclic box of volume, say, V — (27r)'^, it reads 

V = ^i)(fc)e^'='' = ^v'^ = ^u=(fc)h.c(fe)e^'=''. (1.1) 

k c fc,c 

Here P = —1 and the indexes "c" is for "chirality" ("+" or "-") with = 1; and the helical mode 
bases (complex eigenvectors of the curl operator) have the following properties ik x hc{k) ~ 
ckhc{k), hc{—k) = h*{k) = h^c{k) and hc^{k) ■ h*^^{k) = 6ci,c2 (Euclidean norm). Corre- 
sponding densities can be defined accordingly: For instance, mean (per unite volume or statisti- 
cally averaged, as denoted by (•)) magnetic energy £m = J2c.k^MW ^ Yl,c,ki\^''i^)\'^) 
and helicity Hm = X]fc cQtii^) — Sfe c'^kUl,i{k) . Other derivatives such as the relative hehc- 
ity defined by the total helicity and energy densities \kQM{k)\/\UM{ltV\ — kJ^cQ^iik)/ J^c^tii^) 



ity defined by the total helicity and energy densities | kQ m {k) \ / \Um (fc) 
([ Kraichnan 1973, ) can be used for qua ntifying t he degree of chiralitylj 



IWaleffel(fl992l) . lGaltier etal] ( l200(]h (see also lLessinnes. Plunian & Caratil2009l) and lGaltier & Bhattachariee 



(12003 ') lave respectively looked into the detailed interacting triads of the helical Fourier modes in 



Navier- Stokes, MHD and PMD (or EMHD). And, theories and techniques of the AE have been 
well described in the literature and do not require any further elaboration here. For instance, it 
is routinary to check Liouville theorem and rugged conservation properties after Galerkin trun- 
cation, which is true for all the models studied here. We progressively perform a minimal but 



[| We adopt K73 notations and definitions: £k ~ '^hUii{k) — >■ J dkAixk^UKik) and 

T-Lk = YlkQiiik) JdkA-Kk^QKik) in continuous-fc limit, where • implies restricting to the subset 
of surviving modes. We will always use a for energy related temperature parameter and jS for helicity. 
Self-evident index, such as M for "magnetic", when necessary for discrimination, will be added to /3, U, 
Q, £ and T-L etc. And, for simplicity we will always use Gibbs ensemble calculation and will not repeatedly 
formulate and explain. The general results of this paper are not affected by the differences between an infi- 
nite domain and a finite cyclic box, so we may switch between these two descriptions, depending on which 
one is more convenient. Difference of a factor of 2 may arise, depending on how one treats the realizability 
condition and the invariant(s) (summation over the whole or half of the wavenumber domain etc.), and yet 
another freedom about the sign of helicity is of one's free choice. Spectra in this paper may also be obtained 
in other approaches, such as finding the stationary solution of characteristic functions, which can avoid 
explicitly resorting to the Gibbs distribution (Private communication with E. A. Kuznetsov). 

t Note that we have used Coulomb gauge A- fc = 0, so ifc x [ife x A{k)] = fc^A(fc) = ikxB{k): The 
longitudinal component of A with whatever gauge is not involved in the relevant calculations, so Coulomb 
gauge is not really necessary but brings symbolic convenience. Note also that helical wave, with the time 
argument included, is truly chiral in the sense of Barron (see, e.g.. iCintas & Viedma,2012) . 
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systematic examination of pure magneto-dynamics (PMD, also called electron MHD, EMHD, in 
literature: ^23), PHD {^^, and, single-fluid ( §|231] | and two-fluid (^2321l MHDs. The fea- 
ture of OCSDS of magnetic helicity inversely to large scales in PMD is the prototype for aU 
models involving the magnetic field, and the feature of PHD forward cascade of "everything" is 
a prototype for small-scale, say much smaller than electron skin depth, regimes for EMHD and 
two-fluid MHD. For a unichiral subsystem of PHD, a negati ve temperature state supporting large- 
scale energy condensation and that inverse energy cascade (iBiferale. Musacchio & Toschill2012h 
is supported. OCSDSs can be found i n many published numerical results, and som e authors {e.g.. 



Meneguzzi. Frisch & Pouquetill981t [Brandenburg. Dobler & Subramanianll2002h even have al- 



ready explicitly pointed them out. Our purpose is to lay out the basic AE as a first step to explore 
the fundamentals of turbulent transfers, especially for a comprehensive understanding relevant 
helicity effects^ The focus is the most basic new insights attached to the chirally decomposed 
AE, with which we will revisit the most relevant studies, rather than any specific quantitative tur- 
bulence theori£Sj_su£h^sJhe_w^ established by Galtier and collab- 
orators dOaltier et al.ll2000t Galtier & Bhattacharieell2003 1, which requires extra further system- 
atic treatments, though our result may be used as a benchmark of relevant analytical or numerical 
treatments. 



2. One-chiral-sector-dominated absolute equilibrium and turbulence states 

Basic notations, definitions and calculation techniques are given in the introduction of K67 
and K73 theories and helical decompositions in ^ 

2.1. Pure magneto-dynamics (PMD) 

We call the model dtB + V x [(V x JB) x B] =0 ideal PMD, because only magnetic field 
is involved. It is also called EMHEHn lite rature, and it is the limit of vanishing electron inertial 
of normal PMD/EMHD (see, e.g. jBiskamp et alJll999h . This PMD model is relevant to helicons 
or whistler waves in solid conductor (including neutron star's solid crust), atmosphere etc. Note 
that, in the sense of EMHD, B is "frozen in" to t he electron fluid velocity Up_ = —V x B. 



Rugged invariants are magnetic energy and helicity (iGaltier & Bhattacharjeel2003h 

fc,c fc,c 

The chirally decomposed AE spectral densities (c.f., ® of energy and helicity are then 

Uliik) = k/{cP + ak) and Qlj{k) = l/(^ + cak) = cUM{k)/k. (2.1) 

From the above spectral relations, just as K67, but with energy playing the role of enstrophy 
there, a low energy state corresponds to condensation of Q at smallest wanumbers, due to the pos- 
itive pole of one of the chiral sectors, say c = + with (3 < < a. The implication for turbulence 
is inverse helicity and forward energy transfers, when scale separation is satisfied. In principle, 
as long as there is net helicity with /3 ^ 0, one chiral sector has the opportunity to dominate at 
large scales (i.e., OCSDS close to the positive pole kp — —c/S/a), though commonly done in 
experiment to provoke EMHD turbulence is to impose a background magnetic field (see, e.g., 
[stenzel 1999.) which guides the waves. If helicity is injected at some intermediate k, we should 
see dominant inverse helicity and forward energy transfers . If the transfers are approximable by 

X It should be pointed out that there have been many other interesting AE-relevant investigations for 
different dynamical models and on various specific physical issues, the important one of which is relevant 
to a background magnetic mean field and anisotropic fluctuations and has been continuously attacked in the 
last several decades. Extra particular studies should be done, though brief relevant remarks will be offered 
at the appropriate circumstances. 
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self-similar local cascades and that suitable for simple dimensional analysis, follow k^^/^ and 
k^'^/^ scalings: Biskam p et al . (1999) first proposed and presented (in slightly different situa- 
tions) such scalings, and their Fig. 8b with electron skin depth dg ■C 1 does correspond to the 
forward energy cascade of our case. The scale separation between the dominant dynamics of the 
two cascade quantities of PMD (or EMHD) is weaker than 2D fluid turbulence in the sense that 
the spectral ratio is, with some self-cancelation between the two chiral sectors, at most k instead 
of k^ . So, at finite Reynolds numbers, cascade of either definitely is accompanied by stronger 
(than 2D turbulence) leaking of the other The subdominant energy transfer, accompanying the 
inverse helicity transfer and vanishing at high Reynolds number limit, should not be recognized 
to be inverse energy cascade. 

The basic feature of the PMD result in the above is also central to all other MHD models 
with magnetic field, concerning the issue of magnetic helicity inverse transfers/cascades. For the 
general PMD with finite de (used for scale normalization), the "frozen-in" generalized vortic ity is 
VxP e — V X Me — B with Pg — Uc~ A. The rugged invariants are then (see, e.g., Biskam p et al.l 
(Il999l) ) total energy and generalized hehcity f = ^ /(B^ + ul)d^r, Hg ^ ^ J ^ x Pe ■ 
Ped^r, resulting in U^j{k) — k/{{k'^ + l)[c/3{k'^ + l) + ak]}, which complicates the quantitative 
transitional spectral behaviors (c.f., 32.3.2l for such similar situations in two-fluid MHD). In the 
other limit regime of scales much smaller than de, Ulj{k) l/[k'^{cf3k + a)] whose main 
feature is similar to the pure hydrodynamic case (see the discussions in the next subsection) 
supporting both energy and helicity cascading forwardly (c.f., Fig. 8a of .Biskamp et al...l999.) . 
which is not surprising since electron kinetic behavior dominates. 

2.2. Pure hydrodynamics (PHD) 

For the classical incompressible PHD, i.e., dtu + u ■ \7u = —\7p, where the pressure p can be 
eliminated by V • it = 0, the rugged invariants are kinetic energy and helicity 

£k = ^ J ^'^c^V, 'Hk = ^ Jv xu- ud^r, 
which lead to the decomposition of K73 densities (c.f., © into separate chiral sectors: 

Unik) = l/(a + c(3k), Q%{k) ^ ckU^{k). (2.2) 

If both sectors present, cancelation between the two sectors results in lower net hehcity density 
Qnik) — J2c Q/fl^)' if '^^^ ^'^^ ^'^^ derive from the above 

a - [C/^.(fc) + U+ik)]/[2U+ik)U^ik)], p = [Uj,{k) - U+{k)]/[2kU+{k)U^{k)] (2.3) 

which are, in particular, not true for any k in the unichiral case with only one, say, the positive 
chiral sector: Eq. (I2.2l i shows that the low helicity state corresponds to a negative a with a sharp 
peak at the lowest modes /cmi„ > kp — \a/ (3\ close to the positive simple pole kp with a l_ 
shape energy spectral density, just as K67 and (in contrast to) PMD i n 32JJ supporting inverse 



energy and forward helicity transfers. iBiferale. Musacchio & Toschil (120 12i) did realize inverse 



energy cascade with a thorough truncation of one of the sector of Navier-Stokes. 

If both sectors present realizability conditions a > and kmax < o;/\/3\ allow only _l shape 

spectral densities, without large-scale concentration. Thus, inverse cascade in PHD generally 

needs other special treatments as reviewed by Yang, Su & Wu (2010) and Biferale, Musacchio & Toschil 
(l2012h . ■^ote that, such large- A; peak is dominated by one of the chiral sector with its positive 



simple pole. Although, unlike at large scales, normal dissipation would devastatingly ruin such 

f Particular care should be taken for the decaying case which is exactly the simulation bv lChol ( l201lh . 
who, by "inverse energy cascade", meant merely the backward shift of the peak of his energy spectrum, 
which is nothing genuine in connect to the conventional notion of inertial cascade and which is not in 
conflict with our statement of forward energy cascade (Private communication). 
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small-scale AE structure, some residuals of such intrinsic nonlinearity effects may persist. In- 
deed, the fluxes of the two chiral sectors reported by Chen. Chen & Eyink ( 2003) do show sys- 
tematic differences: According to the working conditions, their Figs. 2-5 correspond to the case 
with positive helicity, that is, the positive pole belongs to the positive sector with negative j3. 
Dominance of the positive sector of AE spectrum indicates that nonlinearity should support the 
transfe r of this sector to be domina nt and more persistent, consistent with the results and anal- 



yses of IChen. Chen & EvinkI (l2003h . The large-fc viscous effect efficiently restores the reflexion 
symmetry and the degree of (local- in-fc) chirality me asured by relative helicity decrease as k^^ 



throughout the k inertial range ( Kraichnanll973 ). The large-fc pole effect of one chiral sector 



nevertheless provides a prototype for other similar possible physics (such as that introduced by 
two-fluid effect in MHD as we will see in ^2.3.21) in more complex situations. Note that in the 
PMD case, the realizability condition is a > and fcmm > |/3|/q;, and the l_ shape spectrum is 
the only possibility. 

Now, suppose we have one pair of conjugate alien, i.e., negative, helical modes at fcmm much 
smaller than the injection wavenumber fci„, and that there is no negative temperature state to 
support a conventional inverse energy cascade argument a la K67. Will energy abruptly turn 
to cascade forwardly, or there should be a transitional behavior? Consider Eqs. (|2.2| l and ( |2.3l l 
with a > and /3 > 0, and suppose energy is injected at some intermediate fci„. These alien 
modes may help transfer extra positive helicity nonlocally to small scales, by which, though, their 
own negative helicity (and energy) would have to increase. The growth of these alien modes is 
allowed, even in the sense of AE, with a/ (3 approaching fc„im- There may or may not be a 
nonzero forward nonlocal transfer of energy to small scales in the infinite Reynolds number 
limit: Depending on the strength of the nonlocal beating of the alien modes, the statement "the 
direct helicity cascade carries also a residual, nonconsta nt flux of kinetic energy toward small 



scales ... vanishes in the high Reynolds number limit" in iBiferale. Musacchio & Toschi ( 2012 ) 



may or may not hold any more. If there is, it is just that the injected energy is partitioned to be 
transferred to two opposite directions. With more aliens, forward transfer wiU be more. And, to 
transit to a state with all energy completely cascading forwardly, sufficient aliens must be added 
to fc larger than the injection wavenumber 

2.3. Magneto-hydro-dynamics (MHD) 

Here we study the classical single-fluid and the most general two-fluid MHDs, for a minimal 
but sufficient examination. From the plasma physics point of view, two-fluid MHD is for a more 
complete description of the dynamics/scales between those of EMHD and single-fluid MHD. 

2.3.1. Single-fluid MHD 

Classical ideal (single fluid) MHD equations are dtu = — (u ■ V)ii + {B ■ V)B — Vp, 
dtB = -(m • V)B + {B ■ V)m, with V • m = a nd V ■ -B = . Rugged invariant s are total 
energy, magnetic helicity and cross helicity (see, e.g., IWoltieijll958l:lFrisch et al.l[l975l) . 



[\u^ + B^]d^r, Hm ^ — f A ■ Bd^r, He ^ — f u- Bd^r, 
which, together with Eq. ( II. Il l, leads to (c.f., ^ also for notations) 

' {Aa^ - 13c )k + cAaPM {Aa^ - Pc )k + cAa Pm 

QlAk) = f C/|,(fc), QUk) = ckU^Ak). Qcik) = , ~f,f^ , ^ ■ (2.5) 
K (Aa"^ ~ pc )k + cAa 13m 

Our result chirally splits that of iFrisch et al.l (Il975l) following which we start with the case of 
zero cross helicity with j3c = ^ for discussions: Qlfik) with sgn{cPM) = —1 is responsible 
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for the condensation of Qm at small k, around the positive simple pole kp — —cfiM /a.- When 
the dynamics is dominated by the c = + (c = — ) sector, it is simply to say that large positive 
(negative) magnetic helicity state corresponds to a negative (positive) with a l_ shape spec- 
tral density is favored. The other sector's pole has the opposite sign and is not reachable, thus, 
without such a mechanism of large-scale attraction, it would be transferred to small scales or 
simply less excited. When (or Ti-c) is nonzero, the prefactor before k in the denominators 
quantitatively changes, but the qualitative picture is not altered. At large scales, the spectrum is 
overwhelmingly dominated by OCSDS and so is basically force free. Note that such large-scale 
nearly force-fr ee state is different to that of Chandrasekhar-Woltjer one which is global and pure 
(IWoltieilll958 . and references therein). The common feature is that the invariant of cross helicity 
does not essentially change the physics. 

The new theoretical i nsight is OCSDS which ac t ually c an be found in the numerical data doc- 
umented by this group: IPouquet. Frisch & Leorad (119761) carried out systematic study of eddy- 
damped quasi-normal Markovian MHD turbulence and nonlinear dynamo with the data of their 
Figs. 4 and 5 around fc = 0.16 (it is actually reasonable to say "starting from the beginning of the 
inertial range to ever larger scales "), and, of Figs. 8 a nd 9 around fc = 0.1 (actually also k = 2), 
showing clearly OCSDSs. Men eguzzi. Frisch & Pouquet (J^Sl) then revealed with direct nu- 
merical simulations that "the large-scale B is mostly force free and produces only very little 
large-scale motion," with the relatively magnetic helicity density | kQ nik) /UMik) \ be ing close 
to 1 (n early maximally helical), as is how we recognize the OCSDSs in Pouquet. Frisch & L eoraj 
(fl976l) . Recent simulations such as Fig. 21 of lBrandenburg. Dobler & Subramanianl(l2002h . with 
postprocessing using helical decomposition, also explicitly shows OCSDSs. We won't go too far 
into m uch more details, but just remark that the pertinent discussion of Pouquet, Frisch & Leoraj 
(Il976[ p. 345, second paragraph) can also be elaborated with finer chiral-sector dynamics. We 
only want to remark that relaxation of magnetic helicity to the largest scales does not necessarily 
indicate local cascade, nonlocal transfer also is possible, and such a relaxation/thermalization 
mechanism due to the intrinsic dynamics is not conceptually in conflict with other more mechan- 
ical theories, such as mean field alpha effect. The observed OCSDS in consistent with absolute 
equilibrium indicates that those large scales may actually be close to statistical equilibrium state 
when they are more or less saturated. 

Interestingly, even in the extremely strong sense of "non-helical" state with (5j\/(fc) = Qxik) = 

0, i.e., the two chiral sectors of both magnetic and velocity fields being balanced on each wavenum- 

ber, AE see ms to still support the so-called non-he lical turbulent dynamo, in the sense of lPouquet. Frisch & LeoraJ 
(Il976h and lMeneguzzi. Frisch & Pouqueti (119811) The reason is that, in this situation, while en- 
ergy (either kinetic or magnetic) is equipartitioned into each helical mode, magnetic helicities of 
both sectors with opposite signs are "attracted" by the same pole kp ~ 0. Such attraction is, by 
simple local eddy turn-over time argument, weaker than the condensation around a finite positive 
pole as the (3m / case. Note that unlike PMD 02.1I ). magnetic energy itself here is not con- 
served and kinetic energy can be transformed to it to ease the inverse magnetic helicity transfers 
for the two chiral sectors simultaneously. One may also relate such vanishing magnetic helicity 
case to the situation with a background magnetic mean field Bq, noting that though fluctuating 
net magnetic helicity is not an invariant any more, to our best knowledge, no indication of any 
strengthening of magnetic helicity going to small scales due to Bq has been reported (see, e.g., 
[stribling, Matthaeus & Ghosh 1994); "Decay" of some net magnetic helicity due to Bq does 
not necessarily prevent either chiral sector going to large scales. Actually, taking kmin = in 
the AE treatment provides a kind of self-consistency: The magnetic field simply goes to the in- 
finitely lar ge scale s in the statistical ensemble as a relaxation/thermali zation effect. Note also that 
Pouquet. Frisch & Leoraj d 19761) and iMeneguzzi. Frisch & Pouquet! (Il98lh . and other isotropic 



MHD simulations with unit Prandtl number, found a slight excess of magnetic energy at small 
scales, which may be due to such "attraction" from large scales. Without decomposition, as net 
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helicity (at any k) is seen to be zero, researchers traditionally have not seriously thought about 
the simultaneous backward transfer of both sectors, to our best knowledge. 

2.3.2. Two-fluidMHD 

Two-flu id effects are important in many laboratory and astrophysical situations (see, e.g.. 



Yamada e t al. 2002; Bra ndenburg & Subramanianl2005 1. The ideal incompressible two-fluid MHD 



states that the generalized vorticiti es V x Ps (see below) for each species s are "frozen in" to the 



respective flows (see, e.g.. iRuban 111999". and references therein) msUs^ = qsns{E + it,, x 



B) — \7ps. Since this model has very rich physics, to remind ourselves the relevant context and 
the weights of physical quan tities in quantifying chirality (instead of being purely geometrical, as 



discussed in I Petitiean 2003 ), we now use the normalization which keeps some physical param- 
eters explicitly, unUke those in EMHD and single-fluid MHD. The model is Hamiltonian with 
canonical momenta Pg = nisUg + QsA, constrained by the rugged invariants, total energy and 
self-helicities: 

£ = ^ J [E^ + + Y, msnsuj] d'^r andHs = ^ J V x P, ■ P^d^r, 

s 

where E is the electric field vector; qs and rUg are charge and mass. Here, two-fluid effects 
present through the extra terms in the invariants compared to single-fluid MHD. 

With Eq. (II. Il l, we are led to the following AE spectra densities (c.f., ^also for notations) 

g^^(fc) - ckU^Kik) and g^(fc) = m2g^^(fc) + 2m,q,Q';c{k) + qlQim with (2.6) 
D^lk) = a k[T{k) + + caOj^^n^, Ls{k) = an^ + cfistrLsk, 

msN^{k) = k[aL,{k) + q^m,Y[M + cn,0, O = aJ^/sP^ andT(fc) = H^L^ik), 

where s means the other species than s and where the index C is for the "cross" helicity as 
defined in ^2.3.11 We summarize the situations of possible interesting physical relevanceH 

First. Again, the poles, i.e., roots of the third order polynomials D'^{k), of the two sectors are 
of opposite signs, as c appears in the second and zeroth order terms. 

Second. There can be a single positive real pole (and the corresponding one with opposite 
sign), provided the others are complex. Similar to the PMD (§ 12. Il l in the scale regime much 
larger than the electron skin depth de or single-fluid MHD 02.3.1I ) case, a l_ shape spectral 
density presents, "attracting" most of the magnetic helicity of that sector and that supporting an 
inverse magnetic helicity OCSDS. When this pole is at the right end, i.e., when _l shape spectral 
density is the case, the situation corresponds to the dominance of small-scale dynamics. Like 
PHD ( ^2.21 c.f., also the discussion in the end of ^2.1| for the regime of scales much smaller than 
de), the scenario of "everything" cascading forwardly is supported. As noted in ^2.21 small-scale 
OCSDS of AE state is generally devastatingly destroyed by viscosity and/or resistivity, though 
some residuals can remain. 

f The result unavoidably appearing a bit complicated, it may be helpful for readers to focus on Uljik) 
and Q%i{k) first. Further simplification of these formulae can be made for some situations. For instance, 
electron-positron plasma with mass equivalence and charge conjugation enables us to take all masses and 
charges be noimalized unity. But, for our purposes here, taking D"^ as polynomials of k with the fundamental 
theorem of algebra and Vieta's fonnulas in mind suffices. Note that we have general formula for the roots 
whose nature is deteimined by the discriminant. The parameter regimes, constrained by the realizability 
condition, in the following cases can be obtained with such basic knowledge by some simple but tedious 
manipulations and are omitted here. 
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Third. A |J shape spectral density (QM{k), say) may be confined inbetween two distinct pos- 
itive poles, belonging to the same chiral sector or not, which presents cross-scale (e.g., going 
across the ion or electron skin depthes etc.) behavior: The general EMHD in 32.11 with finite 
electron inertial can already partly have such a feature. The general effects can be understood 
with the combination of the above two cases in the second case. And, the large-fc peak may 
also be relevant to small-scale field generation [relevant to the battery mechanisms: see, e.g., 
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Last. If O = in the zeroth order terms underlined in Eq. (12.6) , magnetic helicity does not 
act in constraining the AE ensemble through J^sl^sHs (c.f., HJ. [Note that k = Q does not 
become a pole for this situation, as every spectrum of Eq. (12.6b has a factor of k to cancel it.] 
Si nce now Y\^0s < 0, we can see that this case is similar to the last situation of K67 considered 
by iKraichnanI i 1 9671 p. 1423), with our [T{k)]^^ > (from the reaUzability conditions) being 



eligible to act the role of fc^ there [UK{k) in iT|. This corresponds to a _l shape spectral density, 
which may be viewed as another demonstration of two-fluid effects of small-scale enhancement. 
The pole for large-scale concentration is gone now (only Q%f, by definition, has k — as the 
asymptotic pole as in single-fluid MHD). We thus can conclude that magnetic helicity constraint 
under two-fluid framework is still crucial for large scale concentration of magnetic fields, as in 
single-fluid MHD where it is conserved. 

Careful analyses with appropriate choices of the physical parameters can be made for detailed 
illustration and more subtle implications. Similarly is for Hall MHD [and general EMHD with 
finite electron inertial ( 32.lb 1 whose result is a bit simpler, with the denominators being polyno- 
mials of second order From the plasma physics point of view, it is very interesting to spell out 
all detailed effects of each physical element (skin depths, mass ratio effects etc.), which however 
is not the focus of this paper We have to refrain from treating these cases in too great a detail, 
because, except possibly for some special situations, such as largest scales far from stirring scale, 
turbulence is in general far from equilibrium with other important effects. Residuals of AE results 
may persist but require the assistance of other tools for more accurate analyses. 

The major contribution of this subsection is confirming and further illustrating two things: One 
is the generic OCSDS, due to approaching the pole of one chiral sector of AE spectrum; the other 
is the importance of magnetic helicity. 



3. Concluding remarks 

Just as the (Gauss) linking number (the imbalance of the positive and negative crossings) is a 
rather rough invariant of linkage, so is helicity for turbulent fields. Looking into the finer struc- 
tures has proved to be helpful. Turbule nce sta t istics c an b e sharpened with h elical decomposition, 
which has been well discerned since Moffatt' h91(f) and lKraichnan ( 1973 ) and has become fully 
workable since Waleffe (1992) [see also Moses (197ll).] We have merely focused on the most 
basic AE aspect concerning the direction of spectral transfer, and, its selection and amplification 
of chi rality, which can be quantified by helicity and relevant derivatives such as the relative he- 
licity ( Kraichnan| [l973). The key point is that although the dynamics of the two chiral sectors 
are in general coupled, the absolute equilibrium are cleanly split into two independent sectors. 
And the pole(s) of AE spectra of opposite chiral sector are of opposite sign, which makes one of 
the sector overwhelmingly dominate around its pole. Some reported relevant numerical results 
have been accordingly addressed/explained, but evidently much more numerical work carefully 
looking into the two chiral sectors are still wanted. 

The vanishing-c?e EMHD result for OCSDS of magnetic helicity (transfer) lies in the core 
also of other MHD models, including single-fluid and two-fluid MHDs, and is generic. Two- 
fluid MHD has the most general and complete elements of helicities and show convincingly 
the crucial role of magnetic helicity. It is fundamentally due to the mathematical definition 
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Q%{k) ~ kU^{k) and Q^j(fc) = [/|,j(fc)/fc which show that magnetic helicity belongs more to 
large scales. One "artificial" way to look at it is the following: The gyrofrequency of a charged 
particle's helical motion around B is fl = qB/ra, which means that we can formally take 
the B-line as "kinetic vorticity" r2-line, macroscopicall}!^. This then gives various helicities a 
kind of unified description and relate magnetic helicity to the more "intrinsic" plasma particle 
motion, which is also reminiscent of the orbital and spin angular momenta, and, the conserva- 
tion of the total. There are also other supports of the robustness of magnetic he licity (see, e.g., 
Brandenburg & Subraman i an,2005) . such as analysis with more general context (IBerger & Field 
1984 and measurements (Ijill999h . As for large-scale nearly force- free state, the scale-dependent 



degree of chirality is explicit in our result, which is different to other approaches such as the 
Chandrasekhar-Woltjer one by variation and stability analyses (see, e.g., _Woltjer 1958, and ref- 
erences therein.) Such symmetry breaking, signatured by net helicity, and its ampUfication along 
larger scales to the asymptotic force-free state has got clearer support from numerical results. 

The large-de EMHD or PHD situation is different, in the sense that the realizable AE spectra 
can only have positive pole at large k which regime however is subject to dissipation in real 
physical systems. That is, reflexion symmetry breaking and restoration mechanisms meet at the 
same battlefield and they reach another kind of equilibrium (balance) which is far from our 
statistical absolute equilibrium, whose implications and residuals can however still be identified. 

Two-fluid model can present all the above situations, even in a united way. To have more 
accurate knowledge of the definite plas ma physical processes , a com bination of the insights from 
our study with careful simulations a la IChen. Chen & Evink (l2003h IS promismg. 

In any case, chirally decomposed AE with OCSDS does bring some clear new insights and 
further clarify the relevant issues. The results may al so be useful in understanding or help de- 
signing special truncation schemes, such as those a Za iBiferale. Musacchio & Toschi ( 2012h . for 
isolating specific physics. 
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